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Tumors as a system growing without feedback
Avascular phase. Tumor cells duplicate
without control (no homeostasis)
provided that a sufficient amount of
nutrient is available: proliferating rim
and necrotic core (diameter ≤ 500
microns).

1

Tumors as a system growing without feedback
Avascular phase. Tumor cells duplicate
without control (no homeostasis)
provided that a sufficient amount of
nutrient is available: proliferating rim
and necrotic core (diameter ≤ 500
microns).

Basic mathematical model: the growth of a floating tumor spheroid driven by
nutrient diffusion in the model by Greenspan (1972): transition from volumetric
to surface growth.

1

Tumors as a system growing without feedback
Avascular phase. Tumor cells duplicate
without control (no homeostasis)
provided that a sufficient amount of
nutrient is available: proliferating rim
and necrotic core (diameter ≤ 500
microns).

Basic mathematical model: the growth of a floating tumor spheroid driven by
nutrient diffusion in the model by Greenspan (1972): transition from volumetric
to surface growth.

Vascular phase: angiogenesis and
sprouting generate a new ad hoc
vascular network.
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The nutrients are available overall the mass: volumetric growth
dRo3
' Ro 3 ,
dt
so that Ro ' e t .
When the diameter of the spheroid is much larger than the penetration length
of the nutrient: surface growth
dRo3
' Ro 2 ,
dt
Despite its simplicity, such an exponential–linear model has good quantitative
predictive ability [Benzekry et al, 2014].
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The classical theory: growth rate dictated by nutrient availability
Greenspan (1972): the tumor as a growing sphere of incompressible material
divv = s(c) − γ(c),
where v (r , t) is the velocity, c(r , t) is the concentration of nutrient that obeys
c
−D∆c = − ,
τ
with boundary conditions
c(R(t), t) = co ,

∂c
(r = R, t) = 0.
∂r
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The classical theory: growth rate dictated by nutrient availability
Greenspan (1972): the tumor as a growing sphere of incompressible material
divv = s(c) − γ(c),
where v (r , t) is the velocity, c(r , t) is the concentration of nutrient that obeys
c
−D∆c = − ,
τ
with boundary conditions
c(R(t), t) = co ,
The solution is
c(r , t) = co
where λ =

√

∂c
(r = R, t) = 0.
∂r

sinh(r /λ)
R
,
r
sinh(R/λ)

Dτ , while the size grows according to
Z R(t)
d R3
( )=
r 2 (s(c) − γ(c))dr .
dt 3
0
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Stress and growth in tumors

The growth of a multicell spheroid
embedded in a gel depends on the
stiffness of the surrounding material
(Helmlinger et al, 1997).
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Stress and growth in tumors

The growth of a multicell spheroid
embedded in a gel depends on the
stiffness of the surrounding material
(Helmlinger et al, 1997).

⇓
Mechanics plays a not negligible role in tumor growth.
⇓
How can the mechanical stress in the tumor be evaluated? Which is tumor rheology?
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Rheology of an aggregate of cells
Cellular aggregates as fluids with surface tension (Forgacs et al, 1998).
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but a solid elastic force balance is plausible too:
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Are solid tumors fluids?
Cheng et al. (2009): tumor spheroids grown in a gel with seeded beads with
and without external load. Load generates cracks in the gel around the
spheroid.
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Are solid tumors fluids?
Cheng et al. (2009): proliferation and apoptosis correlate spatially with regions
of lower or higher stress in a loaded oblate spheroid.
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Are solid tumors fluids?
Cheng et al. (2009): proliferation and apoptosis are radially symmetric for an
unloaded spheroid, but its pattern cannot be explained in terms of gradient of
nutrients.
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Osmotic pressure and tumor growth
Montel et al (2012) measure the growth of a tumor spheroid in a solution with
controlled amount of Dextran (a macromolecule)

They also report a negligible variation in the concentration of nutrients in
cellular aggregate and a centripetal flow of cells (see the internalization by
Dorie et al (1982)).
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Larger pressure in the core

Dolega et al (2017) correlate the
pressure in the spheroid with the
diameter of polyacrylamide microbeads
embedded in the cellular aggregate.

The “pressure” grows moving towards
the center of spheroid.
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Single cells and aggregates in hypertonic solutions

single cells on a
monolayer
Pozzi et al (2019)

elongated cells
at the periphery
of a loaded spheroid
Dolega et al. (2017)
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Residual (active) stress

An intact, residually stressed
spheroid (left) is cut along an
azimuthal plane for 80 % of its
diameter. The outer region opens
up while the inner one swells(right),
the opening angle is the signature
of a residual stress that goes from
compressive to tensile along the
radial coordinate
[Ambrosi et al (2017)].
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Summarizing

 Tumor growth (in vitro) is affected by availability of nutrients and stress
state.
 For small enough spheroids a gradient of nutrient concentration is hardly
appreciable.
 Growth of multicellular aggregates is inhibited by compression.
 Tumor spheroids exhibit a solid constitutive behavior (including relaxation
and reorganization).
 “Pressure” is larger in the core of the spheroid.
 The stress in the tumor is inhomogeneous, likely because of mechanical
activity of cells or material reorganization.
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Balance equations

Continuity and momentum balance equations in a material frame of reference:
∂
(ρJ) = ΓρJ,
∂t
Div P = 0,
where ρ = ρ(X, t), J =: det F, F is the gradient of deformation tensor and the
first Piola stress tensor P has to be constitutively provided.
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Balance equations

Continuity and momentum balance equations in a material frame of reference:
∂
(ρJ) = ΓρJ,
∂t
Div P = 0,
where ρ = ρ(X, t), J =: det F, F is the gradient of deformation tensor and the
first Piola stress tensor P has to be constitutively provided.
Assume that the living material has (at some extent, at least) an elastic
behavior, then P will be function of the deformation.
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A cartoon of volumetric growth
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Kinematics of growth

A growing elastic single–phase material is a material that changes its
zero–stress reference state because of mass addition
“We define growth by the change in the zero-stress reference state”
(Rodriguez et al., 1994).
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Kinematics of growth

A growing elastic single–phase material is a material that changes its
zero–stress reference state because of mass addition
“We define growth by the change in the zero-stress reference state”
(Rodriguez et al., 1994).
Decompose the gradient of deformation F into two contributions, one
responsible for the mechanical behavior, the other accounting for growth:
F = Fe G.
This is the Kröner-Lee decomposition.
The tensor G (and Fe ) are, in general, not integrable.
We call G the growth tensor.
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The relaxed intermediate placement

F
B0

Bt

G

Fe
Br

18

Energy, growth tensor and growth rate

The mass production rate Γ is related to the growth tensor by the following
relation [Rodriguez et al 1994]:
Γ = ĠG−1 · I.
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Energy, growth tensor and growth rate

The mass production rate Γ is related to the growth tensor by the following
relation [Rodriguez et al 1994]:
Γ = ĠG−1 · I.
Pivotal assumption: the strain energy depends on the intermediate placement:
W̃ = W (Fe ) = W (FG−1 ).
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A more abstract viewpoint: the theory of distortions

Given an hyperelastic material W = W (F), the mechanical behavior of a grown
(remodelled, activated,...) material is represented by an energy
W̃ (F) = W (FG−1 ).
The specific form of G, its mathematical properties, its possible constitutive
equation define the mechanical problem at hand.
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Given an hyperelastic material W = W (F), the mechanical behavior of a grown
(remodelled, activated,...) material is represented by an energy
W̃ (F) = W (FG−1 ).
The specific form of G, its mathematical properties, its possible constitutive
equation define the mechanical problem at hand.
Applications: plasticity, swelling gels, muscles, growth, remodelling and possibly
many others.
Example:
1
1
G = γn ⊗ n + √ m1 ⊗ m1 + √ m2 ⊗ m2
γ
γ
with γ < 1 can effectively represent the contraction of a muscle with fibres
aligned along the n direction.
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Malignity as an equilibrium loss

Assume that living matter obeys an homeostatic growth (duplication) law as
suggested by thermodynamic arguments [Ambrosi and Guana, 2007]:
KĠ = − (E − Eo ) G,
E = W I − FTe

∂W
,
∂Fe

where W = W (Fe ), Fe = FG−1 and Eo is the target stress.
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Assume that living matter obeys an homeostatic growth (duplication) law as
suggested by thermodynamic arguments [Ambrosi and Guana, 2007]:
KĠ = − (E − Eo ) G,
E = W I − FTe

∂W
,
∂Fe

where W = W (Fe ), Fe = FG−1 and Eo is the target stress.
In this framework tumors might be suitably classified as a living system where
cells that have lost their ability to self regulate the duplication and apoptosis
mechanisms towards homeostasis.
A stress–regulated growth mechanism exists, but not in the sense of an healthy
homeostasis.
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Active stress and active strain

The mechanical activity of living cells can be represented by two theoretical
frameworks [Ambrosi and Pezzuto, 2012]:
active strain G
D W̃
W̃ (F) = W (FG−1 ),
P=
,
dF
and active stress Pa
DW
W (F),
P=
+ Pa .
dF
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The mechanical activity of living cells can be represented by two theoretical
frameworks [Ambrosi and Pezzuto, 2012]:
active strain G
D W̃
W̃ (F) = W (FG−1 ),
P=
,
dF
and active stress Pa
DW
W (F),
P=
+ Pa .
dF
The accurate tuning of the mechanical activity of a living cells depending on
the strain (Pa = Pa (F)) is a delicate issue.
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Poroelasticity for cellular aggregates
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 small aspect ratio between micro (cellular) and macro (spheroid) scales;
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Poroelasticity for cellular aggregates
Basic ideas:

 small aspect ratio between micro (cellular) and macro (spheroid) scales;
 true fields (density, displacement, velocity) of phases (cells, interstitial
fluid) are averaged to obtain homogenized fields that are defined in every
point of the cellular aggregate;
homogenization
i

p

Byrne and Preziosi (2003), Ambrosi and Preziosi (2002), Roose et al (2003),
Chatelain, Ciarletta and Ben Amar (2011), Bottaro and Ansaldi (2012), Mascheroni et al (2016),
Xue et al (2016), Fraldi and Carotenuto (2018), Dolega et al (2021)...
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Osmotic pressure and poroelasticity
The porous media theory offers a transparent explanation for the experiment by
Montel et al.
The Kedem–Katchalsky condition at the boundary of the spheroid at
equilibrium reads:
π = −pin > 0,
where the outer hydraulic pressure pout has been assumed to be equal to zero.
The poroelastic medium is unloaded and the total stress in the multicellular
spheroid is
T − pin I = 0,
According to the sign, the solid stress T is compressive and dehydrates the
spheroid.

a

T Pmi
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Assume spherical symmetry
 r r
,
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rewrites
W (FG−1 ) =


µ  −1
FG · FG−1 − 2 log(det(FG−1 )) − 3 ,
2
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Balance of forces under spherical symmetry

The force balance equation in material coordinates




g3
g3
r
r0
g3
d
0
r g− 0 =2 g 2 −
−g + 0
,
dR
r
R
r
R
r R
to be supplemented by boundary conditions rewritten in material coordinates
 0

r
1
r2
3
µg
− 0 |R0 = −π 2 |R0 .
2
g
r
R
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A growth law that fits experiments

Concentration of nutrient obeys
c(r ) = c0
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r0
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r
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A growth law that fits experiments

Concentration of nutrient obeys
c(r ) = c0

sinh(r /λ)
r0
.
sinh(r0 /λ)
r

Logistic growth modulated by the stress
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A growth law that fits experiments

Concentration of nutrient obeys
c(r ) = c0

sinh(r /λ)
r0
.
sinh(r0 /λ)
r

Logistic growth modulated by the availability of nutrients and stress



g
tr S
g
ġ = c 1 + c
−
.
τ
3κµ
α
generates an inhomogeneous growth and then a radial pattern of pressure
(stress).
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Numerical results
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Figure 1: Volume of a spheroid vs. time for different values of the osmotic pressure.
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Numerical results
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Figure 2: Radial residual stress versus the radial position at final time.
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Figure 3: Hoop residual stress versus the radial coordinate at final time.
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Numerical results

Current configuration of an unloaded grown sphere with initial radius
of 100 µm. The sphere is azimuthally cut at the final time. The body is
unloaded but not stress free: the color map represents the trace of the Cauchy
stress tensor. The lowest part of the cut is partially resew by the swelling.
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Summary of the results and open problems

 Poroelasticity seems to be the correct framework to account for the
mechanical behaviour of a tumor cell aggregate; is the homogenization
procedure allowed for the involved aspect ratios?
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Summary of the results and open problems

 Poroelasticity seems to be the correct framework to account for the
mechanical behaviour of a tumor cell aggregate; is the homogenization
procedure allowed for the involved aspect ratios?
 The mathematical modelling of growth reproduces a number of reported
behaviors: size vs. time as modulated by stress, inhomogeneous pattern of
pressure, residual stress and opening angle.
 Deducing the growth law from first principles (conservation, dissipation..)
remains an open question.

Credits: Luigi Preziosi (Torino), Francesco Mollica (Ferrara), Davide Riccobelli
(Milano), Simone Pezzuto (Lugano), Triantafyllos Stylianopoulos (Cyprus).
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Indentation experiments suggest a complex rheology
The differential growth that occurs in a tumor spheroid inhomogenously loaded
is the signature that the stress is not trivially spherical: hydrostatic pressure
could not convey complex dynamics.
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Indentation experiments suggest a complex rheology
The differential growth that occurs in a tumor spheroid inhomogenously loaded
is the signature that the stress is not trivially spherical: hydrostatic pressure
could not convey complex dynamics. Experiments by atomic force microscope
cantilever [Baumgartner, 2000] suggest a more complex rheological behavior of
yield type:
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Tumors as elasto-plastic materials

A cell agglomerate behaves as a Bingham material: it is an elastic solid at
moderate loads, it rearranges internally like a viscous fluid for large stress
[Ambrosi and Preziosi, 2009]. Given
F = Fe Fp ,

Dp = Ḟp F−1
p ,

T̂ = T −

1
(trT)I
3
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[Ambrosi and Preziosi, 2009]. Given
F = Fe Fp ,

Dp = Ḟp F−1
p ,

T̂ = T −

1
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the constitutive law is


1 −

T = T(Fe ),

τ
   T̂ = ηDp ,
f T̂)

if f

 
T̂ < τ.

else

Inelasticity can explain both the existence of a solid stress and the
internalization, the observed centripetal flow of cells [Dorie at al, 1992].
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